Relating the Resource Theories of Entanglement and Quantum Coherence by Chitambar, E & Hsieh, MH
Relating the Resource Theories of Entanglement and Quantum Coherence
Eric Chitambar1 and Min-Hsiu Hsieh2
1Department of Physics and Astronomy, Southern Illinois University, Carbondale, Illinois 62901, USA
2Centre for Quantum Computation & Intelligent Systems (QCIS), Faculty of Engineering and Information Technology (FEIT),
University of Technology Sydney (UTS), Sydney, NSW 2007, Australia
(Received 25 October 2015; revised manuscript received 24 April 2016; published 8 July 2016)
Quantum coherence and quantum entanglement represent two fundamental features of nonclassical
systems that can each be characterized within an operational resource theory. In this Letter, we unify the
resource theories of entanglement and coherence by studying their combined behavior in the operational
setting of local incoherent operations and classical communication (LIOCC). Specifically, we analyze
the coherence and entanglement trade-offs in the tasks of state formation and resource distillation. For pure
states we identify the minimum coherence-entanglement resources needed to generate a given state, and we
introduce a new LIOCCmonotone that completely characterizes a state’s optimal rate of bipartite coherence
distillation. This result allows us to precisely quantify the difference in operational powers between global
incoherent operations, LIOCC, and local incoherent operations without classical communication. Finally, a
bipartite mixed state is shown to have distillable entanglement if and only if entanglement can be distilled by
LIOCC, and we strengthen the well-known Horodecki criterion for distillability.
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The ability for quantum systems to exist in “superposition
states” reveals thewavelike nature ofmatter and represents a
strong departure from classical physics. Systems in such
superposition states are often said to possess quantum
coherence. There has currently been much interest in
constructing a resource theory of quantum coherence
[1–11], in part because of recent experimental and numerical
findings that suggest quantum coherence alone can enhance
or impact physical dynamics in biology [12–15], transport
theory [2,16,17], and thermodynamics [18–20].
In a standard resource-theoretic treatment of quantum
coherence, the free (or “incoherent”) states are those that
are diagonal in some fixed reference (or incoherent) basis.
Different classes of allowed (or incoherent) operations have
been proposed in the literature [1,3,9–11] (see also
Refs. [21,22] for comparative studies of these approaches);
however, an essential requirement is that the incoherent
operations act invariantly on the set of diagonal density
matrices. Incoherent operations can then be seen as one of
the most basic generalizations of classical operations (i.e.,
stochastic maps) since their action on diagonal states can
always be simulated by classical processing. Note also that
most experimental setups will have a natural basis to work
in, and arbitrary unitary time evolutions might be physically
difficult to implement. In these settings, there are practical
advantages to identifying “diagonal preserving” operations
as being “free” relative to coherent-generating ones.
One does not need to look far to find an important
connection between incoherent operations and quantum
entanglement, the latter being one of the most important
resources in quantum information processing [23]. Consider
the task of entanglement generation. This procedure is
usually modeled by bringing together two or more quantum
systems initially in a product state ρ ⊗ σ and then applying
an entangling joint operation. However, using only incoher-
ent operations, this will not be possible unless either ρ or σ
already possesses coherence. The reason is that when ρ ⊗ σ
is an incoherent bipartite state, any incoherent operation
acting on both systems will leave the joint state incoherent
(and hence unentangled). On the other hand, if the joint state
is jþij0i, with ji ¼ ffiffiffiffiffiffiffi1=2p ðj0i  j1iÞ, then an application
of CNOTyields the entangled state
ffiffiffiffiffiffiffi
1=2
p ðj00i þ j11iÞ. This
example reveals that coherence, or at least coherent-gen-
erating operations, is a prerequisite for producing entangle-
ment. In fact, as Streltsov et al. have shown [24], every
coherent state can be used for the generation of entanglement
in a manner similar to this example.
Notice that the transformation jij0i→ ffiffiffiffiffiffiffi1=2p ðj00iþ
j11iÞ requires performing an entanglement-generating
incoherent operation. To capture both coherence and
entanglement in a common resource-theoretic framework,
one must modify the scenario by adopting the “distant lab”
perspective in which two or more parties share a quantum
system but they are spatially separated from one another
[23,25]. In this setting, entanglement cannot be generated
between the parties and it becomes another resource in play.
When the constraint of locality is added to the incoherent
framework, the allowable operations for Alice and Bob are
then local incoherent operations and classical communi-
cation (LIOCC). The hybrid coherence-entanglement
theory described here is similar in spirit to previous work
on the locality-restricted resource theories of purity [26–29]
and asymmetry [30]. We do not point to a specific
biological or thermodynamic process as motivation for
our study of LIOCC—although, one could envision
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potential physical applications in certain coherence-
enhanced transport networks where the nodes interact
through classical signaling. Rather, we promote LIOCC
as the natural setting to explore the interplay between
coherence and entanglement as resource primitives in
quantum information theory. For example, how much local
coherence and shared entanglement do Alice (A) and Bob
(B) need to prepare a particular bipartite state ρAB using
LIOCC [Fig. 1(a)]? Conversely, how much coherence and
entanglement can be distilled from a given state ρAB using
LIOCC [Fig. 1(b)]? The latter task can also be seen as a
type of collaborative randomness distillation, where Alice
and Bob work together to generate local sources of genuine
randomness for each other [6].
Our main results are the following. (1) We completely
characterize the achievable coherence-entanglement rate
region for the task of asymptotically generating some pure
state jΨiAB (Theorem 1). (2) We introduce a new LIOCC
monotone that combines both coherence and entanglement
measures (Theorem 4), and we show it quantifies the
optimal rate in which Alice and Bob can simultaneously
distill local coherence from a pure state. (3) We identify an
achievable rate region for the coherence-entanglement
distillation of a pure state and show optimality at
almost all corner points (Theorem 5). (4) In analogy to
Refs. [26–29], we introduce and compute for pure states the
nonlocal coherence deficit and the LIOCC coherence
deficit [Eqs. (6) and (7)]. (5) We show that LIOCC
operations alone are sufficient to decide whether entangle-
ment can be distilled from a mixed state using general local
operations and classical communication (LOCC).
Let us begin by briefly describing the theory of bipartite
coherence in more detail. Assigned to both Alice and Bob’s
system is a particular basis called their incoherent basis. We
denote Alice’s incoherent basis by fjxiAgdA−1x¼0 and Bob’s
incoherent basis by fjyiBgdB−1y¼0 so that the incoherent basis
for their joint system HA ⊗ HB is fjxiAjyiBgdA−1;dB−1x;y¼0 .
Then, any bipartite state belongs to the set of incoherent




pxyjxihxjA ⊗ jyihyjB: ð1Þ
Following the framework of Baumgratz et al. [3], a local
incoherent operation for Alice is given by a complete set of
Kraus operators fKαgα such that ðKα⊗ IBÞρABðKα ⊗ IBÞ†=
tr½KαK†α⊗ IBρAB∈ I for all ρAB ∈ I. If ever she intro-
duces a local ancilla system HA
0
, the incoherent basis
for this additional system is labeled in the same way
fjxiA0 gdA0−1x¼0 . Analogous statements characterize the notion
of incoherent operations on Bob’s system. In the LIOCC
setting, Alice and Bob take turns performing local inco-
herent operations and sharing their measurement data over
a classical communication channel.
The canonical resource states in the bipartite LIOCC












p ðj00iþ j11iÞ, which we will
call the maximally coherent entangled bit (eCoBit). Notice
that unlike entanglement theory, only those bipartite states
related to jΦABi by an incoherent local unitary transforma-
tion can be regarded as equivalent to jΦABi. For example, as
we will see below, one eCoBit cannot be incoherently
transformed into the state
ffiffiffiffiffiffiffi
1=2
p ðj0þi þ j1−iÞ, even
asymptotically.
We now describe the primary tasks studied in this Letter,
which can be seen as the resource-theoretic tasks recently
analyzed by Winter and Yang in Ref. [7] but now with
additional locality constraints. All of the detailed proofs can
be found in the Supplemental Material [38], which also
contains Refs. [39–53], and here we just present the results.
Let us begin with the problem of asymptotic state formation
shown in Fig. 1(a). A triple ðRA; RB; EcoÞ is an achievable
coherence-entanglement formation triple for the state ρAB if
for every ϵ > 0 there exists a LIOCC operation L and
integer n such that





Dual to the task of formation is resource distillation, as
depicted in Fig. 1(b). A triple ðRA; RB; EcoÞ is an achievable
coherence-entanglement distillation triple for ρAB if for
every ϵ > 0 there exists a LIOCC operation L and integer
n such that
Lðρ⊗nÞ≈ϵ Φ⊗⌊nðRA−ϵÞ⌋A ⊗ Φ⊗⌊nðRB−ϵÞ⌋B ⊗ Φ⊗⌊nðE
co−ϵÞ⌋
AB :
As we are dealing with asymptotic transformations, we
should expect the optimal rate triples to be given by
entropic quantities. Recall that for a bipartite state ωAB,
the von Neumann entropy of, say, Alice’s reduced state ωA
is given by SðAÞω ¼ −tr½ωA logωA. The quantum mutual
FIG. 1. (a) A LIOCC formation protocol asymptotically
generates an arbitrary state ρAB from an initial supply of local
coherent bits (ΦA=ΦB) and shared entanglement bits (ΦA0B0 ). (b) A
LIOCC dilution protocol performs the reverse transformation.




information of ωAB takes the form IðA∶BÞω ≔ SðAÞω −
SðAjBÞω, where SðAjBÞω ≔ SðABÞω − SðBÞω. For a pure
state jΨiAB, the entropy of entanglement EðΨÞ ≔ SðAÞΨ ¼
SðBÞΨ is the unique measure of entanglement in the
asymptotic regime [54], and it can be generalized to mixed
states as the entanglement of formation EFðρÞ [55]. We will
also be interested in these entropic quantities after sending
our state ωAB through the completely dephasing channel,
ΔðωÞ ≔ Pxyjxyihxyjωjxyihxyj. It will be convenient to
think of ΔðωÞ as encoding random variables XY having
joint distribution pðx; yÞ ¼ hxyjΔðωÞjxyi. For this reason,
we follow standard convention and replace the labels
ðA;BÞ → ðX; YÞ when discussing a dephased state.
Our first main result completely characterizes the
achievable rate region for the LIOCC formation of bipartite
pure states.
Theorem: For a pure state jΨiAB the following triples
are achievable coherence-entanglement formation rates
ðRA; RB; EcoÞ ¼ (0; SðYjXÞΔðΨÞ; SðXÞΔðΨÞ) ð2Þ
ðRA; RB; EcoÞ ¼ (SðXÞΔðΨÞ; SðYjXÞΔðΨÞ; EðΨÞ) ð3Þ
ðRA; RB; EcoÞ ¼ (0; 0; SðXYÞΔðΨÞ) ð4Þ
as well as the points obtained by interchanging A ↔ B in
Eqs. (2)–(4). Moreover, these points are optimal in the sense
that any achievable rate triple must satisfy (i) Eco≥EðΨÞ,
(ii) RAþRB≥SðXYÞΔðΨÞ, and (iii) RBþEco≥SðXYÞΔðΨÞ.
For a mixed state ρAB, a formation protocol can be
constructed that achieves the average rates for any ensem-
ble fpk; jφkiABg such that ρ ¼
P
kpkjφkihφkj [55]. For
instance, one can consider an ensemble whose average
bipartite coherence attains the coherence of formation CF
for ρ; i.e., it is an ensemble fpk; jφkiABg for ρ that
minimizes
P
kpkSðXYÞΔðφkÞ [6,7]. Then, for a mixed state
ρ, the coherence rate sum RA þ RB of Eq. (3) can attain the
coherence of formation CFðρÞ. In the global setting where
Alice and Bob are allowed to perform joint operations
across system AB, it has been shown that CFðρÞ quantifies
the optimal coherence consumption rate for generating
ρ using global incoherent operations [7]. Our result
then intuitively says that in the restricted LIOCC setting,
the same coherence rate is sufficient to generate ρ; however,
they now need additional entanglement at a rateP
kpkEðφkÞ, where the ensemble fpk; jφkiABg minimizes
the average coherence of ρ.
The proof of Theorem 1 uses two lemmas that may be of
independent interest. The first generalizes a result presented
in Ref. [3], and the second is an incoherent version of
Nielsen’s majorization theorem [56].
Lemma: An arbitrary d × d unitary operator U can be
performed on a system using incoherent operations and
⌈ logd⌉ CoBits.
Lemma: Suppose jψiAB and jϕiAB have reduced density
matrices that are diagonal in the incoherent bases for both
parties and both states. Then jψi → jϕi by LIOCC iff the
squared Schmidt coefficients of jϕi majorize those of jψi.
Next, we introduce a new LIOCC monotone and provide
its operational interpretation. To do so, we recall the
recently studied task of assisted coherence distillation,
which involves one party helping another distill as much
coherence as possible through general quantum operations
performed on the helper side and incoherent operations
performed on the distillation side [57]. For a given state
ρAB, the optimal asymptotic rate of coherence distillation
on Bob’s side when Alice helps is denoted by CAjBa ðρABÞ.
When the roles are switched, the optimal asymptotic
rate is denoted by CBjAa ðρABÞ. It was shown in Ref. [57]
that CAjBa ðρABÞ¼SðYÞΔðΨÞ and CBjAa ðρABÞ¼ SðXÞΔðΨÞ. With
these quantities in hand, we define for a bipartite pure state
jΨiAB the function
C LðΨÞ ≔ CAjBa ðΨÞ þ CBjAa ðΨÞ − EðΨÞ
¼ SðXÞΔðΨÞ þ SðYÞΔðΨÞ − EðΨÞ: ð5Þ
Its extension tomixed states can be defined by a convex roof
optimization [52]:C LðρABÞ ¼ inffpk;jφkiABg
P
k pkC LðφABk Þ
for which ρAB ¼ Pkpkjφkihφkj.
Theorem: The function C L is a LIOCC monotone. We
note that this is the first monotone of its kind since it behaves
monotonically under LIOCC, but not general LOCCor even
local quantum incoherent operations and classical commu-
nication (LQICC), the latter being an operational class in
which only one of the parties is required to perform
incoherent operations (as opposed to LIOCC where both
parties must perform incoherent operations) [57].
Using the monotonicity ofC L, we are able to derive tight
upper bounds on the coherence distillation rates.
Theorem: For a pure state jΨiAB the following triples
are achievable coherence-entanglement distillation rates
ðRA; RB; EcoÞ ¼ (SðXÞΔðΨÞ − EðΨÞ; SðYÞΔðΨÞ; 0); ð6Þ
ðRA; RB; EcoÞ ¼ (0; SðYjXÞΔðΨÞ; IðX∶YÞΔðΨÞ); ð7Þ
as well as the points obtained by interchanging A ↔ B in
Eqs. (6) and (7). Moreover, these points are optimal in the
sense that any achievable rate triple must satisfy (i) RAþ
RB ≤ C LðΨÞ and (ii) RB þ Eco ≤ SðYÞΔðΨÞ. This theorem
endows C L with the operational meaning of quantifying
how much local coherence can be simultaneously distilled
from a pure state. For a state jΨi themaximum that Alice can
help Bob distill coherence is CAjBa while the maximum that
Bob can help Alice is CBjAa . Evidently, they cannot both
simultaneously help each other at these optimal rates.
Instead, they are bounded away from simultaneous opti-
mality at a rate equaling their shared entanglement.




It is still unknown the precise range of achievable
distillation triples ðRA; RB; EcomaxÞ, where Ecomax is the maxi-
mum eCoBit distillation rate. While we are able to prove
that Ecomax is the regularized version of IðX∶YÞΔðΨÞ opti-
mized over all LIOCC protocols, we have no single-letter
expression for this rate nor do we know the achievable local
coherence rates for optimal protocols.
A natural question is whether EcomaxðΨÞ ¼ EðΨÞ. While
this question remains open, we can show that EðΨÞ is
achievable if the Schmidt basis of the final state need not be
incoherent. More precisely, we say a number R is an
achievable LIOCC entanglement distillation rate if for every
ϵ > 0 there exists a LIOCC protocol L acting on n copies of
Ψ such that LðΨ⊗nÞ≈ϵΛd, where Λd is a d ⊗ d maximally
entangled pure state (i.e., ΛA ¼ ΛB ¼ I=d) with 1n log d >
R − ϵ. The largest achievable distillation ratewill be denoted
by ELIOCCD ðΨÞ.
Theorem: ELIOCCD ðΨÞ ¼ EðΨÞ.
It is interesting to compare the coherence distillation
rates using incoherent operations under different types of
locality constraints. In Refs. [26–29], similar comparisons
were made in terms of purity (or work-information) extrac-
tion. Let CGlobalD , C
LIOCC
D , and C
LIO
D denote the optimal rate
sum RA þ RB of local coherence distillation using global
incoherent operations, LIOCC, and local incoherent oper-
ations (with no classical communication), respectively. In
complete analogy to Refs. [26–29], we define the nonlocal
coherence deficit of a bipartite state ρAB as δðρABÞ ¼
CGlobalD ðρABÞ − CLIOCCD ðρABÞ and the LIOCC coherence
deficit as δcðρABÞ¼CLIOCCD ðρABÞ−CLIOD ðρABÞ. Intuitively,
the quantity δðρABÞ quantifies the coherence in a state that
can only be accessed using nonlocal incoherent operations.
Likewise, δcðρABÞ gives the coherence in ρAB that requires
classical communication to be obtained. The results of
Winter and Yang imply that CGlobalD ðΨÞ ¼ SðXYÞΔðΨÞ and
CLIOD ðΨÞ ¼ SðXÞΔðΨÞ þ SðYÞΔðΨÞ − 2EðΨÞ for a bipartite
pure state jΨiAB [58]. Combined with Theorem 5, we can
compute the two coherence deficits for pure states:
δðΨÞ ¼ EðΨÞ − IðX∶YÞΔðΨÞ; ð8Þ
δcðΨÞ ¼ EðΨÞ: ð9Þ
It is curious that the entanglement EðΨÞ quantifies the
coherence gain unlocked by classical communication. But
note that a similar phenomenon exists in the resource theory
of purity. Namely, the quantum deficit δ̄ðΨÞ and classical
deficit δ̄cðΨÞ measure the analogous differences in local
purity distillation by so-called “closed operations,” and they
are given by δ̄ðΨÞ ¼ δ̄cðΨÞ ¼ EðΨÞ [26,27]. For the task of
distillingCoBits, every protocol using incoherent operations
can be seen as one using closed operations by accounting for
all ancilla systems at the start of the protocol [59]. However,
closed operations allow for arbitrary unitary rotations,which
are forbidden in coherence theory. The term IðX∶YÞΔðΨÞ in
δðΨÞ identifies precisely the basis dependence in coherence
theory and shows how this decreases δðΨÞ relative to δ̄ðΨÞ.
On the other hand, there is evidently no basis dependency in
the LIOCC classical deficit δcðΨÞ and it is equivalent
to δ̄cðΨÞ.
Although our distillation results so far have only applied
to pure states, we can deduce a very general result
concerning the distillability of mixed states.
Theorem: A mixed state ρAB has (LOCC) distillable
entanglement if and only if entanglement can be distilled
using LIOCC. The proof of this theorem is actually quite
simple and uses the fact that an arbitrary quantum operation
can be simulated using incoherent operations and CoBits
(Lemma 2). In Ref. [57] it was shown how local coherence
can always be distilled for both Alice and Bob from
multiple copies of every entangled states using LIOCC.
Hence, for a sufficiently large number of any distillable
entangled state ρAB, Alice and Bob first distill sufficient
local coherence using LIOCC, and then they simulate the
LOCC protocol which distills entanglement.
As shown in Ref. [60], a state ρ has distillable entangle-
ment iff for some k there exists rank 2 operators A and B
such that the (unnormalized) state A ⊗ Bρ⊗kA ⊗ B is
entangled. By Theorem 5 and following the same argu-
mentation of Ref. [60], we can further require that the A and
B are incoherent operators; that is, they have the form A¼
j0ihα0jþ j1ihα1j and B¼ j0ihβ0jþ j1ihβ1j, where Δðα0Þ ≔
Δðjα0ihα0jÞ is orthogonal to Δðα1Þ ≔ Δðjα1ihα1jÞ, and
likewise for Δðβ0Þ≔Δðjβ0ihβ0jÞ for Δðβ1Þ≔Δðjβ1ihβ1jÞ.
We are thus able to add an additional condition to the
distinguishability criterion of Ref. [60].
Corollary: A bipartite state ρ has distillable entangle-
ment iff for any pair of orthonormal local bases BA ¼
fjxiAg and BB ¼ fjyiBg there exists some k and projectors
PA ¼ jα0ihα0j þ jα1ihα1j and PB ¼ jβ0ihβ0j þ jβ1ihβ1j
such that: 1. ðPA ⊗ PBÞρ⊗kðPA ⊗ PBÞ is entangled, and
2. tr½ΔAðα0ÞΔAðα1Þ ¼ tr½ΔBðβ0ÞΔBðβ1Þ ¼ 0, where ΔZ is
the completely dephasing map in the basis B⊗kZ .
Conclusion.—In this Letter, we have investigated the
relationship between entanglement and coherence in the
framework of local incoherent operations and classical
communication. The findings of this study suggest that
indeed entanglement and coherence are closely linked
resources. For instance, Theorem 5 shows that the entan-
glement of a state plays a crucial role in limiting the amount
of coherence that can be distilled from a state, a result
highly reminiscent of the complementarity between local
and nonlocal information studied in Ref. [28]. In a similar
spirit, Theorem 7 shows that entanglement distillability can
be studied through the lens of coherence theory. This latter
result seems somewhat remarkable since despite coherence
being a basis-dependent resource, its resource-theoretic
analysis can be used to draw conclusions about entangle-
ment, a basis-independent resource. Future work will be
conducted to see whether the strengthened distillability




criterion of Corollary 8 can be useful in the long-standing
search for nonpositive partial transpose (NPT) bound
entanglement.
Finally, we would like to comment on the particular type
of incoherent operations studied in this Letter. As noted in
the introduction, there have been various proposals for the
free class of operations in a resource theory of coherence.
This Letter has adopted the incoherent operations (IO) of
Baumgratz et al. [3], where each Kraus operator in a
measurement just needs to be incoherence preserving.
While the class IO has drawbacks in terms of formulating
a full physically consistent resource theory of coherence
[11,21], it nevertheless seems unlikely that the results of this
Letter would remain true if other operational classes were
considered. For example, the strictly incoherent operations
proposed by Yadin et al. are unable to convert one eCoBit
into a CoBit [11]. Thus, we believe that the interesting
connections demonstrated here between IO coherence
theory and entanglement make a positive case for why
the class IO is relevant in quantum information theory,
independent of any other motivation. In fact, one could even
put coherence aside and view LIOCC as just being a
simplified subset of LOCC. As we have shown here,
nontrivial conclusions about entanglement can indeed be
drawn by studying LOCC from “the inside.” This approach
is somewhat dual to the standard practice of studying LOCC
using more general separable operations (SEP), the chain of
inclusions being LIOCC ⊂ LOCC ⊂ SEP. Interesting
future work would be to consider more general connections
between coherence nongenerating and entanglement non-
generating operations.
Note added—Recently, we learned of work by Streltsov and
co-authors who have also initiated a study into local
incoherent operations and classical communication [61].
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